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Response of an Inflatable Offshore Platform
to Surface Wave Excitations
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The response to the ocean wave excitations of a neutrally buoyant inflatable offshore platform consisting of
an array of three tapered inflatable legs attached to a central head, connected to a surface float by a cable is
investigated. A Lagrangian formulation of the dynamics of the system is presented where the float and the
central head are allowed to move vertically and the rotations of the array as well as the flexural displacements of
the legs are superposed on this motion. The non-linear coupled system with infinite degrees of freedom is
truncated by considering the first two terms in the admissible function expansion of each flexural displacement.
This results in a set of ordinary differential equations which are converted to algebraic equations using Ritz's
averaging technique. Representative plots showing the effect of system parameters on the platform response are
presented.
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Nomenclature
coefficients in the eigenvalue expansions of v/
and w;, respectively; Eq. (4a)
added inertia of each leg, the buoy, and head
respectively
non-dimensionalized A(j and Bij9 respectively
drag coefficients of a leg, buoy, and head,
respectively
added inertia coefficients of a leg, buoy, and
head, respectively
hydrodynamic moment coefficients
equivalent stiffness due to buoyancy
root diameter of each leg
Young's modulus
total hydrodynamic force on a body
hydrodynamic forces on the buoy, head, and
/th leg, respectively
coefficients of forcing functions, Eq. (14)
acceleration due to gravity
depth of the central head below the water
surface, Hc/g(mb+ab)
wall thickness of leg
moment of inertia of the cross section of a leg
at the root
2ir ( / - l ) /3 ; /= 1,2,3
mass moments of inertia of the central head
about x, y, z axes, respectively
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= mass moments of inertia of the central head
including added inertia effects

= non-dimensionalized fxxaJyyaJzza, respective-
ly; Eq. (14)

= unit vectors along x, y, z axes, respectively
= unit vectors along x0, y0, Z0 axes, respectively

= integrals involving <i>y and e, Eq. (8b) and (9b)
= stiffness of the cable
= length of the leg
= mass of each leg, the buoy, the head,

respectively
= mass of a uniform leg with diameter d0
= frequency of the wave
= generalized force corresponding to the

generalized coordinate qn
= generalized coordinate
= cosine and sine components of qn
= transformation matrix; Eq. (2b)

= inertia parameters, Eq. (14)
= position vectors of the centers of mass of the

buoy and head, respectively
= velocity of a point in the body coordinate axes
= areas of cross section of the leg, buoy, and

head, respectively
= kinetic energy of the system
= kinetic energy of the legs, buoy, and head,

respectively
= time
= potential energy of the system
= flexural strain energy stored in the legs
= relative velocity of an element with respect to

the water
= relative velocity of an element on the /th leg

with respect to the water
= inplane and out-of-plane components of K,.,

respectively
= inplane and out-of-plane flexural displace-

ments of an element of the ith leg
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x,y,z

Zb0

Cty.C

V\nfdo> vout/do> respectively
body coordinate axes
inertia coordinate axes
vertical displacements of the buoy and head,
respectively
equilibrium vertical displacement of the buoy
displacement of a water particle at the buoy,
central head, and a point on the /th leg, due to
the ocean waves, respectively

hydrodynamic damping coefficients, Eq. (14)
(27rL/X)cos /,.
eigenf unctions of a cantilever, Eq. (4c)
frequency characteristic of individual legs,
Eq. (14)
(k/c) "
angles defining orientation of the array
phase difference between the crest of the wave
and the vertical axis of symmetry of the
system
Kronecker delta
taper parameter (root diam-tip diam)/(root
diam)
dimensionless vertical displacements of the
buoy and head, respectively
zw/d0,zwh/do>Zw/do> respectively
wave length
yth eigenvalue of a cantilever
dimensionless distance from the root of the leg
density of water
measure of energy dissipation in a viscoelastic
material

= dimensionless time, Eq. (14)

p
o

co = dimensionless frequency o_f the wave
co ^angular velocity, co^/-I-uj + /3zk

Dots and primes indicate differentiation with respect to t
and T, respectively.

I. Introduction

NEUTRALLY buoyant inflatable platforms have been
proposed for a variety of applications. These platforms,

which can be stabilized at any depth due to their neutral
buoyancy, can serve as stations for equipment and in-
strumentation involved in oceanography survey, offshore
exploration of minerals and oil, processing of resources,
marine biological study, drilling operations, etc. If anchored
or provided with magnetic commpasses, the system can be
used as a navigation reference. When equipped with sensitive
hydrophones, it can be employed as a submarine detection
device. The platforms can have various possible con-
figurations; but only the one that is quite promising will be
considered here. It consists of an array of three tapered in-
flatable legs attached to a central head carrying a pump which
pressurizes the tubes with water. The platform is connected to
a surface float through an elastic cable which tends to
minimize the wave disturbances. The surface float with its
electronics serves as a telemetry link between the platform and
a mother ship or a circling airplane where processing of in-
formation is conducted. As under normal operating con-
ditions, the platform will be subjected to the ocean waves, the
knowledge of the corresponding response is essential for its
design.

Although general dynamical analyses of the buoy-cable-
array assembly are indeed few, there is a vast body of
literature dealing with individual constituents. The state-of-
the-art in inflatable shell research, which has attracted
considerable interest, is summarized by Leonard.1 Quite
relevant is the work of Kornecki2 who has shown that, for the
beam bending mode of shells without internal pressure, the

Goldenveizer shell equations3 reduce to an equation very
similar to the one for transverse vibrations of a beam with
rotary inertia included. The study of tapered beams with
different boundary conditions has interested researchers for a
long time. The first three natural frequencies and correspond-
ing modes of cantilever beams for numerous different tapers
were presented by Housner and Keightley.4 Gaines and
Volterra5 derived approximate formulas for upper and lower
values of the three lowest natural frequencies of cantilever
bars of variable cross section. It must be emphasized that all
these investigations pertain to either solid or hollow but empty
tapered cantilevers. The free and forced vibrations of a
neutrally buoyant inflated viscoelastic tapered cantilever in
the presence of hydrodynamic forces was studied by Poon and
Modi6 in which they calculated its natural frequencies and the
response to sinusoidal excitations. As regards the dynamics of
the buoy-cable-array assembly, an analysis was presented by
Modi and Misra.7 However, the array was formed by
uniform legs and the rotation of the central head and the legs
was ignored. Furthermore, the vertical axis of the system was
assumed to lie at the crest of a standing wave.

The objective of this paper is to study the general dynamics
of the flexible platform formed by three inflated tapered tubes
attached to a central head. The head is allowed to move
vertically and the rotations of the array as well as the flexural
displacements of the legs are superposed on this motion. The
Lagrangian formulation of the problem is carried out ac-
counting for the hydrodynamic forces. Subsequently, the
response to a sinusoidal standing ocean wave is obtained by
using Ritz's averaging technique. Attempts are made to
determine the effects of taper ratio and other parameters on
the tip displacements of the tubes.

Fig. 1 Geometry of motion of the flexible platform.
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II. Formulation of the Problem
The platform consists of a central head of mass mh and

three identical inflated tubes characterized by root diameter
d0, taper parameter e, thickness /*, and length L. It is con-
nected to a surface float by an elastic cable which may be
represented by a simple spring of stretching stiffness k, since
its stiffness in any other dierction is comparatively much
larger. It is assumed that the surface float is not drifting
horizontally (Fig. 1).

The inertial co-ordinate axes X0,y0,z0 are located such that
the z0 axis coincides with the vertical axis of symmetry of the
system and the x0 axis lying on the nominal water surface is
parallel to one of the legs. The y0 axis is oriented to complete
a right-handed orthogonal system. The coordinates of the
equilibrium positions of the centers of mass of the surface
float and the central head are (0, 0, zbo) and ((0, 0, -//),
respectively, where H is the depth below the water surface
where the platform is stabilized. At any instant /, let zb and zh
be the corresponding vertical displacements from the
equilibrium configuration; i.e.,

conditions given by

(la)

fh = (-H+zh)k0

where i0, j0, and k0 are the unit vectors along the inertial
coordinate axes. The orientation of the platform is specified
by a sequence of modified Eulerian rotations 7, 6, and \l/. The
relation between the inertial coordinates x0, y0, z0 and array
body coordinates x, y, z is

(2a)

where the transformation matrix [R] is given by

COS7

0

COSI/'

sini/'

0

0

1 0

0 COS7

-sini^

1 0

0 cos0

0 sine cose

0 (2b)

The flexural displacements of a point on the /th leg at a
distance £L(0< J < 1) from the root can be resolved into two
components: vf in the plane of the array and wf perpendicular
to it. Hence, the body coordinates of the above point are
components of

r= (%LcosIi-vismIi)I+

where

Ii=2Tr(i-l)/3

(3a)

(3b)

and i, j9 k are unit vectors along the x, y, z directions,
respectively.

The deformations vi and w, may be expanded in series
forms

(4b)

For a given accuracy, a smaller number of terms is needed if
$/(£) are the eigenfunctions of the tapered leg under con-
sideration; however, the advantage is affected by the fact that
the algebra involved is quite complicated. Hence, the modes
of a uniform cylindrical cantilever,8 which satisfy Eq. (4b)
are chosen; i.e.,

*;(£)= (cosh/^ - cosjAyf ) - a, (sinh/^ - sin/*^) (4c)

where /xy are the roots of the equation

/ + coshjit cospt = 0 (4d)

and

Oj = (coshfij + cos^iy ) /(sinhjity + sin/*y ) (4e)

The kinetic energy Tof the system is given by

(5)+ (1/2)1
Jlegs

where Ixxjyy and Izz are the moments of inertia of the central
head about the x, y,
principal axes), r\

and z axis, respectively (assumed to be
b is the velocity of the point in the body

coordinate axes and o> is the angular velocity of the array.
Clearly,

r I b = — VjSinlj i + VjCOsIJ + w/A: (6a)

and

a) = o)x/ + (t3yj + coz£ = ('ysini/' COS0 + 0 cosi/'/

+ (7 cosi/' cos0-0 sin^)/+ (-7 sin0+0)£ (6b)

The mass dm of the element corresponds to the mass of the
water inside the tube; the mass of the cylindrical membrane
itself is negligible. Hence,

dm = m0 (1 - e£) 2d£ (7a)

where m0 is the mass of the water inside a uniform cylindrical
tube with its diameter equal to the root diameter of the
tapered leg. Integration of Eq. (7a) yields.

rm =m/m0 = l — e+ ( e 2 / 3 ) (7b)

Substitution of Eq. (6) and (7) in Eq. (5) yields

(-7sin0+i/')

,. + COS7 sind

(4a)

where ^y(^) , y=l ,2 , . . .00 are a set of orthonormal func-
tions satisfying the geometric as well as dynamic boundary

+ BU cosy cosd] +v4 /y(cos7 cos0(7 cos0 sini/'I+(9 cosi/',)

- ( - 7 sin0 +1) ( ~ siny cos^, + COS7 sin0 sin\^,)}
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-Bu(ysinycosB + 6 cosy sinO) ]+ J^ LJj[{Aij(-y sinO+t) + BU( -y cos0
7 = /

+AU( !/2(62 -y2 cos2B)sin2\l/i-y6 cos0 cos2^/} -#//(7 cos0 sin^ + 0 cos^,) (-7 sind+\l/)]
oo oo

/ ) +A,JAini (7 COS0 Sin^- + (9
j=l n=l

-y sin0+ ^) 2 } + £/7£/>7 (V cos20 + 0 2 ) +2AuBin ( -y sinO + t) ( --ycos^ 008^,. + ^ sin^-) ] + (mb/2)i

( -y sin(9-h^)2] (8a)

where

0=\1

Jo

0

J 0

and

(8b>

One may note the added complexity due to nonzero taper parameter e.
The strain energy Ue stored in the legs is given by

with

1? (9b)

The total potential energy of the system is the sum of the strain energy in legs, the energy stored in the cable, and that arising due to
the buoyancy of the surface float; i.e.,

3 00 00

U=(EI0/2L3) X) E D KJn(AiJAln+BijBin) + (k/2)(zb-zh)2+(c/2)(zb-zw)2 (9c)

where zw is the surface wave displacement and c= (pg) (area of the cross section of the buoy). The equations of motion are ob-
tained from

qn=zb,zh,y,0,t,Au,Bu; 1 = 1,2,3; j=l,2, . . . oo

where Qn are the generalized forces arising due to the hydrodynamic drag and added inertia.

A. Evaluation of Generalized Forces
The hydrodynamic force acting on an element may be resolved into two components,9 one proportional to its relative ac-

celeration and the other varying as the square of its velocity with respect to the fluid; i.e.,

= - [cmdm ̂  + ( ± ) CddS Krd I Krel (11)

where Cm and Cd are the coefficients of added inertia and drag, respectively and dS is the projected area of the element normal to
the relative velocity, Frel . Hence, the hydrodynamic force acting on the surface float may be written as

Fb=[-mbCmb(zb-zw)-(p/2)CdbSb(zb-zw)\zb-zw\]k0 (12a)
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where Cmb, Cdb, and Sb are the added inertia and drag coefficients and area of the cross section of the buoy, respectively, while zw
is the displacement of a water particle at the center of mass of the buoy. The hydrodynamic effect on the central head are taken
into account by a vertical force Fh and a moment Mh given by

Fh = t -™hCmh (zh -zwh) - (P/2)CdhSh (zh -zwh)\zh -zwh\k0] (I2b)

\i0+ (12c)

Here, Cmh, Aee, Ayy, A^ characterize the added inertia effects, whileC^, Ce, Cy, C^ determine the hydrodynamic damping. The
displacement of a water particle at the center of mass of the central head is denoted by zwh . The hydrodynamic force acting on an
element Ld£ of the /th leg is given by

dFi=[-(p/2)CdLd0(l-k^¥i\yi\-CmPA0L(l-e^2Vi]d^ (12d)

where Cd and Cm are drag and added inertia coefficient of a cylinder, respectively, A0 the area of cross section of the leg at the
root and F, the relative velocity of the element with respect to the water. Strictly speaking, the component of Vi normal to the
element should be considered. However, for small displacements, the error involved is negligible.

The generalized forces are evaluated from Eqs. (12) by using the principle of virtual work.

B. Linearized Equations of Motion
Substitution of Eqs. (8) and (9) in Eq. (10) yields a system of rather lengthy coupled nonlinear ordinary differential equations

which is not tractable. Hence, some simplifications must be made. The displacements are assumed to be small so that the second
and higher order terms may be neglected compared to the first order terms. However, in the algebraic expressions describing the
velocity square damping, the second order terms are retained while the subsequent higher order terms are ignored. With these
approximations, the equations of motion are:

-kzh + 1/2PCdbSb(zb-zw) \zb-zw\=czw + abzw (13a)

3 oo

£ £ JjB^ + k(zh -zb) + KpCdhSh (zh -zwh) \zh -zwh I

£ (13b)hzwh+m0Cm £ f '^ (7-e£) 2

i=i J0

cos/,1 +I^ay+ 'ApShdj,Cyy\y\
J

(13c)

JJ sin/,. ( zw^(l-e^)2d^ (13d)

(l + Cm)\Jjzh+}jL(6sinIi-ycosIi)+ ^ JnJBin] + (^j-) ^ KnJBin + 'ApCdLd0 ['*y I V, I Kout (l-L «=/ J \i / n=1 Jo

yzm.(7-eO2d? i=l,2,3;j=l,2,...<» (13e)

0 (13f)

O i= 1,2,3; j= 1,2,...,™ (13g)

where Ixxa, Iyya, Izza are apparent moments of inertia of the central head,

(13h)

ut = zh + £L ( 0 sin/, - 7 cos/,- ) + w,- - zm (1 3i)
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I Vl\ = magnitude of the velocity of an element of the /th leg relative to the water = [ Kfn + F2
ut ] 1/2

and zwi is the wave displacement at the element. Defining

1b=Zb/d0, Vh=zh/d0> a^Au/d0, btJ=BtJ/d0i r!w=zw/d0, r,wh=zwh/d0, iwi=zwi/d0, r = t [ c / (mb+ab) ] »

Equation (13) may be nondimensonalized to obtain

(14a)

I W, , 1 Wout (7-

(14b)

- T E

(14c)

(14d)

-T" cos/,.) + (Jnjb»n+WKnjbin] (14e)

) E^ (14f)

(14g)

where

L2, otb = (p/2)CdbSbd0/(mb+ab)

= (p/2)CdhShd0/m0(l + Cm), a = 2Cd/>*(l + Cm)

fh=ah/m0(l + Cm), f=Cm/(l + Cm)

Wi = Kf./£/0, = K = Ko

and prime denotes differentiation with respect to r. In order
to incorporate viscoelastic effects of the legs, the elastic
modulus E is replaced by £[1 +cr(d/dr) ] where a is a

measure of energy dissipation. This results in the use of the
operator Q2 [ 1 + a(d/dr) ] instead of Q2 in Eq. (14).

C. Response of the System to Ocean Waves
The system, under normal operating conditions, will be

subjected to the ocean waves. In the present analysis, its
response to a sinusoidal plane standing wave with no variation
in the direction of y0 is determined. The motion forced by a
more complex wave can be obtained by following an ap-
proximate analytical procedure similar to the one used here. It
can be shown10 that, for the standing wave considered, the
wave displacement at the point having inertial coordinates x0,
y0, z0 is r/o exp(-2?TZ0/X) cospt- cos2'w(x0—x00)/\ where
?70, /?, and X are the amplitude, frequency, and length of the
wave, respectively, while XQQ locates its crest. Hence,

riw=ri0 coswr cos60 (15a)

riwh =TJO exp( — 27T///X) coscor cos60 (15b)

riwi = ri0 exp( -27T///X) coseor cos(07£-60) (15c)
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where

co = dimensionless frequency =p [(mb+ab) /c] l/2

d0 = (2irx00/\, 0; = (27rL/X) cos/,-

It may be pointed out that p and X are not independent and
are related byp2=2irg/\.

This forced motion, in general, will involve all the har-
monics of co; but for simplicity, only the fundamental term,
which is usually the most important one, is considered. In
order to account for system damping, both sine and cosine
terms should be included in the solution. Hence,

sincor, rjh =rjhc COSCOT + TJ^ sincor

a^afc cosur+aijs sincor, bij = bijc coscor + Z?^ sincor

q = qc coscor+#s sincor, q = y,0,t (16)

Clearly,

-« sincor)

-i
+ 2 AyAU) (u

j=i J

= co[ - W[nc sincor + W-ins coscor] (17a)

and

c sin// - 7C cos/, )

oo -.
Buc*j(& ( -us i

i J

sin/,-7, cos/,)

= w[ - ^outc sincor + Wout5 coscor] (17b)

In general, substitution of Eqs. (16) and (17) will not satisfy
the linearized equations of motion Eqs. (14) for all r.
However, one can use Ritz's averaging technique, which
involves multiplying both sides of each equation by coscor and
sincor in turn and integrating over a period. The resulting
algebraic equations may be solved to obtain the sine and
cosine components of each generalized coordinate. The
averaging integrations are straightforward for linear or simple
velocity square damping terms in Eq. (14). Although the
integrations of the form

infinite, in actual computation, only a finite number of them
can be considered. Hence, only the first two terms in the
expansion of vt and w, in Eq. (4a), which are likely to be the
most significant ones, are taken into account. It was noted
that this effectively includes the first four natural frequencies
of the coupled system.

The degree of asymmetry in the motion of the legs is
governed by the differences between the exciting wave
displacements 77wi experienced by them. For the plane wave
considered here, rjw2 and ryw5 are identical; but rjwl is different.
It is clear from Eq. (15c) that for a given wave amplitude 770,
the difference between rjw] and rjw2 is controlled by the
product of exp(-27r///X) and [cos(0;£-60) -cos(/32£-
5 0 ) ] . If X is reduced (i.e., co is increased), the first term
decreases while the second term becomes larger. Hence, when
the excitation frequency co is increased, Ir]wj-rjw2] moves
towards a maximum but subsequently declines. The rotation X
also behaves similarly. However, 6 is always zero due to the
nature of the wave considered. The asymmetry of the motion
also depends on 60, i.e., the distance of the crest of the wave
from the vertical axis of symmetry z0 of the system. If the z0
axis is closer to the crest, there is comparatively less difference
between the motions of the first and second (or third) legs.
Typical amplitudes of wave excited response in the vicinity of
the maxima are tabulated in Table 1 for a few practical
combinations of the system parameters.

The inplane motion is absent for the type of single wave
excitation examined in Table 1. However, it was retained in
the computer program to tackle the complex waves where the
water particles move horizontally as well.

It may be noticed from the table that unless His very small,
the asymmetry of the coupled motion may be ignored. Hence,
for most practical situations, considerable simplification in
the analysis and computer program can be achieved without
substantially affecting the physics of the problem, by studying
the dynamics of the system in which all the legs move iden-
tically. The influence of various parameters on the frequency
response of the system is shown in Figs. 2-4. The dotted lines
correspond to a uniform cylindrical cantilever while the solid
lines describe the behaviour of the platform consisting of
tubes having the same root diameter as the uniform one but
with a taper ratio e = 0.5.

If the platform is to be used as a listening device, the
hydrophones will be placed at the tips of the legs with the
magnetometers at the central head. Hence, ideally, the plane
containing the hydrophones should contain the central head.
In Figs. 2-4, 77,, the absolute value of the difference between
the amplitudes of the displacement of the head and that of the
leg tip, has been plotted. As it is small compared to the head
and buoy displacements, it has been magnified by a factor of
5 or 10.

Figure 2 shows the frequency response for two different Q& ,
which characterizes the cable stiffness. The peaks for rjb, r/A,
and the absolute displacement of the tips (not shown) are
moved to higher frequencies as Qft is increased. However, the
frequency at which the maximum relative displacement

\Wi\Wm coscor d(COT)

PJo
.m coscor d(cor)

etc. are more complicated, they can be evaluated in terms of
elliptic integrals. For small inplane motions, however, these
elliptic integrals reduce to simple algebraic expressions which
were used in the actual computation.

III. Results and Discussion
Although the number of algebraic relations obtained from

Eqs. (14) after the application of Ritz's averaging technique is

Table 1 Typical wave excited response in the vicinity of the maxima
«7 = 2.0, QA = 0.2, rw = ̂ , = 0.2,7^ = />,=: 7/2 = 0.005,

Tip
displacements

60,deg 7, deg /=! i = 2 ,3

3
5
10
10

45
45
45
60

0.70
0.75
0.30
0.30

3.25600
3.42039
2.78451
1.96878

0.16417
0.06033
0.24376
0.15191

0.59502
0.15679
0.22329
0.23957

1.29850
0.68362
0.21793
0.13413

1,
0.
0.
0.

.30722
,68643
.21925
,13539

aff=Hc/g(mb +
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= 1 , rb( = rh|=0.2, lx = ly= lz/2=0-005

0
0.01 0-1 1 10

oo

Fig. 2 Frequency response as affected by the cable stiffness.

0.01 0-1 ^ 1 10
Fig. 3 Effect of the fundamental frequency of each leg on the system
response.

between the tips and the head occurs, remains more or less
unchanged. The maximum values of i]b, r)h, and TJ, are
reduced, unaltered and increased, respectively, for a larger
Qj,. Making the tubes tapered increases the peak values of the
displacements but helps the system performance in certain
range of the forcing frequency.

case 1: rh| = 0.015, rh, = 0.01

0.01

Fig. 4 Influence of the buoy and central head inertias on the system
response.

The influence of the stiffness of the legs on the wave excited
motion is plotted in Fig. 3. The amplitudes of the buoy and
head are unaffected in the range of Q 7 ( = X j Q ) considered;
however, the relative motion between the tip and the root of
the tubes decreases for a larger Q7 . For Q7 = 2.0 and e = 0,77, is
negligible and hence not shown in the plot.

The inertia parameter rhl may be increased by a heavier
central head. But in that case, a large portion of the buoy
remains under water, causing a higher added mass of the buoy
during motion and increasing rbl. The effect of a heavier head
is to reduce the maximum values of rjh, rjb, and rj, of a tapered
tube, but to increase rj, of a uniform tube (Fig. 4).

IV. Concluding Remarks
The important conclusions based on the analysis can be

summarized as follows:
1) The asymmetry in the motion of the legs and the rotation

of the platform are negligible for most practical situations.
2) The displacement of the tip of a leg relative to the central

head can be reduced by using a cable with smaller stiffness
and stiffer legs.

3) Although making the legs tapered increases the peak
values of r\b, rjh, and 77,, it may improve the system response in
certain frequency ranges.
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